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Abstract. It is shown that the support of an irreducible weight module over the Schro¨dinger-
Virasoro Lie algebra with an infinite-dimensional weight space, coincides with the weight lattice
and that all nontrivial weight spaces of such a module are infinite-dimensional. As a side-product,
it is obtained that every simple weight module over the Schro¨dinger-Virasoro Lie algebra with a
nontrivial finite-dimensional weight space, is a Harish-Chandra module.
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1. Introduction
The twisted Schro¨dinger-Virasoro Lie algebra is the infinite-dimensional Lie algebra L
with C-basis {Ln, Ym,Mp |m,n, p ∈ Z} and the following relations
[Ln, Lp] = (p− n)Ln+p,
[Ln, Ym] = (m−
n
2
)Yn+m,
[Ln,Mp] = pMn+p,
[Ym, Ym′] = (m
′ −m)Mm+m′ ,
[Ym,Mp] = [Mn,Mp] = 0.
where m,m′, n, p ∈ Z. This infinite-dimensional Lie algebra is the twisted deformation of
the Schro¨dinger-Virasoro Lie algebra, which was originally introduced in [3] in the context of
non-equilibrium statistical physics, as a by-product of the computation of n-point functions
that are covariant under the action of the Schro¨dinger group, containing as subalgebras both
the Lie algebra of invariance of the free Schro¨dinger equation and the central charge-free
Virasoro algebra. Both original and twisted Schro¨dinger-Virasoro Lie algebras are closely
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related to the Schro¨dinger Lie algebras and the Virasoro Lie algebra (cf. [2,5-7,10,11,14]).
They should consequently play a role akin to that of the Virasoro Lie algebra in two-
dimensional equilibrium statistical physics.
One attempt of introducing two-dimensional conformal field theory is to understand
the universal behaviour of two-dimensional statistical systems at equilibrium and at the
critical temperature, where they undergo a second-order phase transition. A systematic
investigation of the theory of representations of the Virasoro algebra in the 80es led to
introduce a class of physical models (called unitary minimal models), corresponding to the
unitary highest weight representations of the Virasoro algebra with central charge less than
one. Miraculously, covariance alone is enough to allow the computation of the statistic
correlators (or so-called ‘n-point functions’) for these highly constrained models.
Motivated by the search for deformations and central extensions of both original and
twisted Schro¨dinger-Virasoro Lie algebras, Roger and Unterberger presented the sets of
generators provided by the cohomology classes of the cocycles in the fifth part of [9]. In
[12], Unterberger constructed vertex algebra representations of the Schro¨dinger-Virasoro
Lie algebras out of a charged symplectic boson and a free boson and its associated vertex
operators.
A weight module M over L is an H-diagonalizable module, where
H := SpanC{L0,M0}
is the Cartan subalgebra of L . If, in addition, M is irreducible and all weight spaces Mλ
(cf. (1.1)) are finite-dimensional, the module is called a Harish-Chandra module.
If M is an irreducible weight L -module, then M0 must act as some complex number
hM on M. Furthermore, M has the weight space decomposition
M =
⊕
λ∈C
Mλ, where Mλ = {v ∈M|L0v = λv}, (1.1)
where Mλ is called a weight space with weight λ. Denote the set of weights λ of M by
Supp(M) := {λ ∈ C |Mλ 6= 0},
called the support of M. Obviously, if M is an irreducible weight L -module, then there
exists λ ∈ C such that Supp(M) ⊂ λ+ Z.
An irreducible weight module V is called a pointed module if there exists a weight λ ∈ C
such that dimVλ = 1. Xu posted the following natural problem in [13]:
Problem 1.1 Is any irreducible pointed module over the Virasoro algebra a Harish-chandra
module?
An irreducible weight module V is called a mixed module if there exist λ ∈ C and i ∈ Z
such that dimVλ =∞ and dimVλ+i <∞. The following conjecture was posted in [7]:
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Conjecture 1.2 There are no irreducible mixed modules over the Virasoro algebra.
Mazorchuk and Zhao [8] gave the positive answers to the above question and conjecture.
In [10], the authors gave positive answers to the above question and conjecture for the
twisted Heisenberg-Virasoro algebra. In this note, we also give the positive answers to the
above question and conjecture for the Schro¨dinger-Virasoro Lie algebra. Our main result is
the following:
Theorem 1.3 Let M be an irreducible weight L -module. Assume that there exists λ ∈ C
such that dimMλ =∞. Then Supp(M) = λ+Z and for every k ∈ Z, we have dimMλ+k =
∞.
Theorem 1.3 also implies the following classification of all irreducible weight L -modules
which admit a nontrivial finite dimensional weight space:
Corollary 1.4 Let M be an irreducible weight L -module. Assume that there exists λ ∈ C
such that 0 < dimMλ <∞. Then M is a Harish-Chandra module.
2. Proof of Theorem 1.3
We first recall a main result about the weight Virasoro-modules in [8].
Theorem 2.1 Let V be an irreducible weight Virasoro-module. Assume that there exists
λ ∈ C, such that dimVλ = ∞. Then Supp(V) = λ + Z and for every k ∈ Z, we have
dimVλ+k =∞.
Lemma 2.2 Assume that there exists µ ∈ C and a non-zero element v ∈Mµ, such that
L1v = L2v = Y1v = M1v = 0 or
L−1v = L−2v = Y−1v = M−1v = 0.
Then M is a Harish-Chandra module.
Proof. Indeed, under these conditions, v is either a highest or a lowest weight vector and
hence M is a Harish-Chandra module (see, e.g. [6]). 
Assume now that M is an irreducible weight L -module such that there exists λ ∈ C
satisfying dimMλ =∞.
Lemma 2.3 There exists at most one i ∈ Z such that dimMλ+i <∞.
Proof. Assume that dimMλ+i < ∞ and dimMλ+j < ∞ for different i, j ∈ Z. Without
loss of generality we may assume i = 1 and j > 1. Let V be the following L -module:
Ker(L1 :Mλ →Mλ+1) ∩Ker(Y1 :Mλ →Mλ+1) ∩Ker(M1 :Mλ →Mλ+1)
∩Ker(Lj :Mλ →Mλ+j) ∩Ker(Yj :Mλ →Mλ+j) ∩ Ker(Mj :Mλ →Mλ+j). (2.1)
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Since
dimMλ =∞, dimMλ+1 <∞ and dimMλ+j <∞,
all cokernels of the maps appearing in (2.1) are finite-dimensional. Thus
dimV =∞. (2.2)
Since
[L1, Lp] = (p− 1)Lp+1 6= 0, [L1,Mr] = rMr+1 6= 0 and
[L1, Yq] = (q −
1
2
)Yq+1 6= 0
for 1 6= p ∈ Z, q ∈ Z, 1 ≤ r ∈ Z, we get
LpV = 0, p = 1, j, j + 1, j + 2, · · · , and
YqV = MrV = 0, q, r = 1, 2, · · · . (2.3)
If there would exist 0 6= v ∈ V such that L2v = 0, then Y1v = M1v = L1v = L2v = 0 and
M would be a Harish-Chandra module by Lemma 2.2, a contradiction. Hence L2v 6= 0 for
all v ∈ V. In particular,
dimL2V =∞.
Since dimMλ+1 < ∞, there exists 0 6= w ∈ L2V such that Y−1w = M−1w = L−1w = 0 (as
in the proof of (2.2)). Let w = L2u for some u ∈ V. For all k ≥ j, using (2.3), we have
Lkw = LkL2u = L2Lku+ (2− k)Lk+2u = 0.
Hence Lkw = 0 for all k = 1, j, j + 1, j + 2, · · · . Since
[L−1, Ll] = (l + 1)Ll−1 6= 0, [Ll,M−1] = Ml−1 6= 0 and
[Y−1, Ll] = (1 +
l
2
)Yl−1 6= 0
for all l > 1, we get inductively Lkw = Ykw = Mkw = 0 for all k = 1, 2, · · · . Hence M is a
Harish-Chandra module by Lemma 2.2, again a contradiction. The lemma follows. 
Because of Lemma 2.3, we can now fix the following notation: M is an irreducible weight
L -module, µ ∈ C is such that dimMµ <∞ and dimMµ+i =∞ for all i ∈ Z \ {0}.
Lemma 2.4 Let 0 6= v ∈Mµ−1 be such that Y1v = M1v = L1v = 0. Then
(1) (L31 − 6L2L1 + 6L3)L2v = 0,
(2) Ykv = Mkv = 0,
(3) YkL2v = MkL2v = 0,
where k = 1, 2, · · · .
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Proof. (1) is the conclusion of Lemma 4 in [8].
(2) Since Y1v = M1v = L1v = 0 and [L1, Yl] = (l −
1
2
)Yl+1 6= 0, [L1,Ml] = lMl+1 6= 0 for
l ≥ 1, we inductively get (2).
(3) follows from YkL2 = L2Yk − (k − 1)Yk+2, MkL2 = L2Mk − kMk+2 and (2). 
Proof of Theorem 1.3. Denote
V := Ker{L1 :Mµ−1 →Mµ} ∩Ker{Y1 :Mµ−1 →Mµ} ∩Ker{M1 :Mµ−1 →Mµ}.
Since dimMµ−1 = ∞ and dimMµ < ∞, similar with the discussion of (2.2), we have
dimV = ∞. For any 0 6= v ∈ V, consider the element L2v. By Lemma 2.2, L2v = 0
would imply that M is a Harish-Chandra module, a contradiction. Hence L2v 6= 0, in
particular, dimL2V = ∞. This implies that there exists w ∈ L2V such that w 6= 0 and
Y−1w = M−1w = L−1w = 0. Using
[L−1,M−k+1] = (1− k)M−k and
[L−1, Y−k+1] = (
3
2
− k)Y−k,
we obtain
Y−kw = M−kw = 0, k = 1, 2, · · · .
From Lemma 2.4, we have (L31 − 6L2L1 + 6L3)w = 0, and Ykw = Mkw = 0, k = 1, 2, · · · .
Therefore,
Y0w =
2
3
[L−1, Y1]w = 0 and
M0w = [L−1,M1]w = 0.
The above relations mean that Yk,Mk act trivially on M for all k ∈ Z. Therefore, M is
simply a module over the Virasoro algebra Vir. Thus, Theorem 1.3 follows from Theorem
2.1. 
Proof of Corollary 1.4. Assume thatM is not a Harish-Chandra module. Then there should
exist i ∈ Z such that dimMλ+i = ∞. In this case, Theorem 1.3 implies dimMλ = ∞, a
contradiction. Hence M is a Harish-Chandra module, and the rest of the statement follows
from [6]. 
References
[1] Arbarello, E., De Concini, C., Kac, V. G., Procesi, C.: Moduli spaces of curves and
representation theory, Comm. Math. Phys., 117(1988), 1-36.
[2] Dokovic, D., Zhao, K.: Derivations, isomorphisms and second cohomology of general-
ized Block algebras, Algebra Colloquium, 3(1996), 245-272.
5
[3] Henkel, M.: Schro¨dinger invariance and strongly anisotropic critical systems, J. Stat.
Phys., 75(1994), 1023-1029.
[4] Henkel, M. Phenomenology of local scale invariance: from conformal invariance to
dynamical scaling, Nucl. Phys. B, 641(2002), 405-410.
[5] Henkel, M.; Unterberger, J.: Schro¨dinger invariance and space-time symmetries, Nucl.
Phys. B, 660(2003), 407-412.
[6] Lu, R., Zhao, K.: Classification of irreducible weight modules over the twisted
Heisenberg-Virasoro algebra, preprint (arXiv:math.ST/ 0510194).
[7] Mazorchuk, V.: On simple mixed modules over the Virasoro algebra, Mat. Stud.,
22(2004), 121-128.
[8] Mazorchuk, V. and Zhao, K.: Classification of simple weight Virasoro modules with a
finite-dimensional weight space, J. Algebra, 307(2007), 209-214.
[9] Roger, C., and Unterberger, J.: The Schro¨dinger-Virasoro Lie group and algebra: from
geometry to representation theory, preprint (arXiv:cond-mat/0601050).
[10] Shen, R., Su, Y.: Classification of irreducible weight modules with a finite-dimensional
weight space over twisted Heisenberg-Virasoro algebra, Acta Mathematica Sinica,
English Series, 23(2007), 189-192.
[11] Su, Y.: Simple modules over the higher rank super-Virasoro algebras, Lett. Math.
Phys., 53(2000), 263-272.
[12] Unterberger, J.: On vertex algebra representations of the Schro¨dinger-Virasoro
algebra, preprint (arXiv:cond-mat/0703214).
[13] Xu, X.: Pointed representations of Virasoro algebra, A Chinese summary appears
in Acta Math. Sinica, Chinese Series, 40(3), 479; Acta Math. Sinica, New Series,
13(1997), 161-168.
[14] Zhao, K.: Automorphisms of the algebra of q-difference operators, Acta Mathematica
Sinica, English Series, 15(2)(1999), 145-152.
6
